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1 Introduction

o Let (Q,F,F,P) be a complete filtered probability space with
F = {F:t}+>0, on which a one-dimensional standard Brown-
ian motion {W(t)}+>0 is defined so that F = {F;}¢>0 is the
natural filtration of {W(t)}+>0.
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1 Introduction

e Let (Q,F,F,P) be a complete filtered probability space with
F = {F:t}+>0, on which a one-dimensional standard Brown-
ian motion {W(t)}+>0 is defined so that F = {F;}¢>0 is the
natural filtration of {W(t)}+>0.

e We define

Ulo, T 2 {u:]0,T] x Q— U | uis F-adapted }.

SOLUTION TO BSDES
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e We consider the following stochastic controlled system:
{dx( )=b(t, x(t), u(t))dt+o(t,x(t), u(t))dW(t),t€[0,T],
x(0) = xo,
with the cost functional
-
I(u() = E{/o F(t,x(8), u(e))dt + h(x(T)) }.

for suitable b, o, f and h.
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e We consider the following stochastic controlled system:

{dx( )=b(t,x(t), u(t))dt+o(t, x(t), u(t))dW(t),t€[0,T],

x(0) = xo,
with the cost functional
.
I(u() = E{/o (e, x(2), u(e))dt + h(x(T)) }.

for suitable b, o, f and h.
e Problem (S). Minimize J(-) over U[0, T].

N TO BSDES
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e We consider the following stochastic controlled system:

{ dx(t)=b(t, x(t), u(t))dt+o(t,x(t), u(t))dW(t),t€[0,T],
x(0) = xo,

with the cost functional

T
) =B{ [ Fext).ule)de + hx(T |

for suitable b, o, f and h.
e Problem (S). Minimize J(-) over U[0, T].
e Any u(-) € U[0, T] satisfying

J@() = inf  J(u(")),

u()eu[o,T]

is called an optimal control, the corresponding X(-) = x(-; u(+)) and
(x(+),@(-)) are called an optimal state process/trajectory and an op-
timal pair, respectively.

!
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e To establish a Pontryagin type maximum principle (a necessary
condition for the optimal pair) for the above optimal control
problem, J. Bismut introduce backward stochastic differential
equation in 1970’s.
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e To establish a Pontryagin type maximum principle (a necessary
condition for the optimal pair) for the above optimal control
problem, J. Bismut introduce backward stochastic differential
equation in 1970’s.

e A systematic solution is given by E. Pardoux and S. Peng in
1990, and a general maximum principle was given by S. Peng
in 1990.
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e Fix any u(-) € U[0, T] and £ > 0. Define

u(t), te[0,T]\ E,
u(t) = {
u(t),

t € E,
where E. C [0, T] is a measurable set with |E.| = ¢
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e Fix any u(-) € U[0, T] and £ > 0. Define

V() { u(t), tel0,T]\E,

u(t), te k.,

where E. C [0, T] is a measurable set with |E| = ¢.

e Let (x°(-), u?(-)) satisfy the following:
(

fy XO

{dxg )t) b(t, x*(t),u*(t))dt +o(t,x*(t),u*(t))dW(t), t [0, T],

!
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e One can show that
J () = T (u())
= E<hx(Y(T)),yE(T)+z€(T)>+%E<hxx(y(T))yE(T),yE(T»
+E/OT {<fx(t),y€(t) +25(t)) + %<fxx(t)y5(t),y5(t)>
'Hsf(t)XEE(t)}dt-i- o(e).



e y°(-) solves:
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dy®(t)=be(t)y"(t)dt+ {ox(t)y*(t)+do(t)xe.(t) }dW(t),
y¥(0) = 0.

telo, T],
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e y°(-) solves:

dy®(t)=b(t)y"(t)dt+ {ox(t)y*(t)+do(t)xe. () W (1)

te [0, T],
y*(0) = 0.
e z5(-) solves:
= {b(£)2°(1) + Sb(t)xe. (£) + 2y* (Dbl D)y*(1) o
+{Ux(t)ze(f) + dox(t)y*(t)xe.(t)
+; “(t)ow(t)y*(t) JdW(t), te[o,T],
2(0) = 0.
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e We should get rid of y°(-) and z°(-) in the Taylor's expansion
of J(uf(-)). In this case, we have to introduce two equations.
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e We should get rid of y°(-) and z°(-) in the Taylor's expansion
of J(uf(-)). In this case, we have to introduce two equations.

dp(t) = —{bx(ti(t)ﬂ(t))*/?(t) + ox(t,x(t), u(t))"q(t)
—fX(t,Y(t),U(t))}dt +q(t)dW(t), teo,T],

p(T) = —h(x(T)).
(2)
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e One has to introduce another variable to reflect the uncertainty in the
system. This is done by introducing an additional adjoint equation
as follows:

dP(t) = —{ b(t,x(¢), 5(t))TP(t) + P(£)bi(t,X(2), U(1))
+ox(£,X(1),1(£) T P()ox(t,X(1). T(2))
+o(£X(1),7(1)T Q) + Q(e)on(£.X(2),T(1))  (3)
+H(£,%(8),1(2), p(2), a(1)) bt + Q(e)aW(2),

P(T) = —he(x(T)),
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e One has to introduce another variable to reflect the uncertainty in the
system. This is done by introducing an additional adjoint equation
as follows:

dP(t)Z—{bx(ti(f)»U(f))T () + P()bu(t,X(1), 1(1))
+o(£,%(1), 1(1)) T P(t)on(t, x(t), 1(1))
+o(6,%(2),7(1) T Q(E) + Q(t)on(t, (1), 1(1))  (3)
+H(£,%(8),1(2), p(2), a(1)) bt + Q(e)aW(2),

P(T) = —ha(X(T)),

e Here the Hamiltonian H is defined by

H(t,x,u,p,q)=p' b(t,x,u)+q o(t,x,u)—f(t,x,u),
(t,x,u,p,q) € [0, T|xR"x UxR"xR",

and (p(-), q(-)) is the solution to (2). In the above (3), the un-
known is again a pair of processes (P(+), Q(+)) € L2(0, T; S") x
LI2F(O> T;8M).

(4)



o Let
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H(t, x, u)

2 H(tx,u,p(t).q(t) - Lo (t.x(t)
+%tr

,u

()T P(t)o(tx(t),u(t))
{[a(t,x, u) — o(t,%(t),1(t))] " P(t)

[o(t, x, u) — o(t, %(t), (t))] }
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o Let
H(t, x, u)
éH(’-%X,u,p(f),Q(l‘))—%U(ti(t)ﬂ(t))TP(t)U(t,Y(t),U(t))
-l-%tr{ [o(t, x, u) — o(t,%(£), 7(t))] " P(t)
[o(t, x, u) — o(t,%(t), 0(t))] }

e Theorem 3.2. (Stochastic Maximum Principle) Let b, o, f

and h are smooth enough. Let (X(-),u(-)) be an optimal pair
of Problem (S). Then

H(t,x(t),a(t)) = Tgag?—[(t,?(t), u), aetel0,T], P-as.
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e There are two restrictions for the above stochastic maximum
principle:
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e There are two restrictions for the above stochastic maximum
principle:

e The filtration F = {F¢}+>0 must be the natural filtration of

{W(t)}+>0. This means that all the uncertainty comes from
the Brownian motion.
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e There are two restrictions for the above stochastic maximum
principle:

e The filtration F = {F¢}+>0 must be the natural filtration of
{W(t)}+>0. This means that all the uncertainty comes from
the Brownian motion.

e |t is for controlled stochastic ODEs. Can it be generalized to
controlled stochastic PDEs?



e To achieve the above goal, we meet two main problems.

«O>r «Fr <

it
-

DA
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e To achieve the above goal, we meet two main problems.

e To obtain the maximum principle for general filtration I, one
need to solve BSDEs on general filtration. In this case, the
Martingale Representation Theorem, which is a key point to
obtain the well-posedness of BSDEs by Pardoux and Peng, does
not hold.
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e To achieve the above goal, we meet two main problems.

e To obtain the maximum principle for general filtration I, one
need to solve BSDEs on general filtration. In this case, the
Martingale Representation Theorem, which is a key point to
obtain the well-posedness of BSDEs by Pardoux and Peng, does
not hold.

e The work by N. El Karoui and S.-J. Huang (1997) shows that
one needs to introduce an extra corrected term to (8), and
therefore, it is even more difficult to “compute” the above Y(-).
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o Recently, by replacing Y(t)dw(t) in (8) by dM(t) (with M(-)
being a square-integrable martingale), G. Liang T. Lyons and Z.
Qian (2008) developed another approach for the well-posedness
of BSDEs with the general filtration.
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e Recently, by replacing Y(t)dw(t) in (8) by dM(t) (with M(-)
being a square-integrable martingale), G. Liang T. Lyons and Z.
Qian (2008) developed another approach for the well-posedness
of BSDEs with the general filtration.

e The advantage of this approach is that martingale representa-
tion theorem is not required, either. But the cost is that the
corrected term Y(-) in (8) is suppressed. Note that this term
plays a crucial role in some problems, say the Pontryagin-type
maximum principle for general stochastic optimal control prob-
lems. Also, the comparison theorem is not clear in this setting
because the usual duality analysis is not available.
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e For establishing maximum principle for controlled SDEs, we
only need to introduce two adjoint equations, a vector valued
BSDE and a matrix valued BSDE to deal with the first order
and second order terms, respectively.



OUTLINE 1. INTRODUCTION 2. THE CLASSICAL TRANSPOSITION METHOD IN PDEs 3. TRANSPOSITION SOLUTION TO BSDEs 4

e For establishing maximum principle for controlled SDEs, we
only need to introduce two adjoint equations, a vector valued
BSDE and a matrix valued BSDE to deal with the first order
and second order terms, respectively.

e It does not make any really trouble once we know how to solve
vector backward SDEs, thanks to that a n x n-matrix can be
regarded as a vector in R"*".
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e One has to face a real challenge in the study of maximum prin-
ciple for controlled SPDEs. Indeed, in the infinite dimensional
setting, we should introduced an operator valued BSDE.
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¢ One has to face a real challenge in the study of maximum prin-
ciple for controlled SPDEs. Indeed, in the infinite dimensional
setting, we should introduced an operator valued BSDE.

e Although the set of all bounded linear operators (with the op-
erator topology) is still a Banach space, it is not UMD.



1. INTRODUCTION

¢ One has to face a real challenge in the study of maximum prin-
ciple for controlled SPDEs. Indeed, in the infinite dimensional
setting, we should introduced an operator valued BSDE.

e Although the set of all bounded linear operators (with the op-
erator topology) is still a Banach space, it is not UMD.

e There exists no such a stochastic integration/evolution equa-
tion theory in general Banach spaces that can be employed to
treat such equations.
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e To overcome the two difficulties mentioned above, we give a
weaker but reasonable definition for the solution to vector val-
ued BSDE and the operator valued BSDE, motivated by the
transposition solution to partial differential equations with non-
homogeneous boundary condition, and prove the corresponding
well-posedness result.
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2. The classical transposition method in PDEs

e \We now recall the main idea in the classical transposition method
to solve wave equation with non-homogeneous Dirichlet bound-
ary conditions.
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2. The classical transposition method in PDEs

e We now recall the main idea in the classical transposition method
to solve wave equation with non-homogeneous Dirichlet bound-
ary conditions.

e Consider the following wave equation:

Vie — Ay =0 inQ=(0,T)x G,
y=u onX=(0,T)xT, (5)
y(0) =y, y:(0)=y1 inG,

where T > 0, G is a nonempty open bounded domain in RY
(d € N) with C? boundary T, (yo,y1) € L*(G) x H™}(G) and
ue L2((0,T)xT).
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e When u = 0, one can use the standard Semigroup Theory to
show the well-posedness of (5).
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e When u = 0, one can use the standard Semigroup Theory to
show the well-posedness of (5).

e When u # 0, one needs to use the transposition method. For
this purpose, for any f € L1(0, T; L?(Q2)) and g € L}(0, T; H}(Q)),
consider the following adjoint problem of (5):

Ctt_A<:f+gt7 in Q7
(=0, on X,

(T)=¢(T)=0, in G.

(6)

It is easy to show that the equation (6) admits a unique solution
¢ € C([0, T]; H}(G))N CH([0, T]; L2(G)), which enjoys the
regularity g—g € L%(%).
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e In order to give a reasonable definition for the solution to the
non-homogenous boundary problem (5) by the transposition
method, we consider first the case when y is sufficiently smooth.
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e In order to give a reasonable definition for the solution to the
non-homogenous boundary problem (5) by the transposition
method, we consider first the case when y is sufficiently smooth.

o Assume g € C5°([0, T]; H3(G)) and that y € H?(Q) satisfies
(5). Then

/ fydxdt — / gyrdxdt
/C )/1dX/Ct yodx/udZ

(7)

o0 BSDEs
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¢ Note that (7) still makes sense even if the regularity of y is re-
laxed as y € C([0, T]; L2(G)) CL([0, T]; H~1(G)). Because
of this, one introduces the following:
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¢ Note that (7) still makes sense even if the regularity of y is re-
laxed as y € C([0, T]; L2(G))N C([0, T]; H1(G)). Because
of this, one introduces the following:

e Definition 1. Wecall y € C([0, T]; L2(G)) C*([0, T]; H1(G))
a solution to (5), in the sense of transposition, if y(0) = yo,
y:(0) = y1, and for any f € L}(0, T;L%(G)) and any g €
LY(0, T; H}(G)), it holds that

-
/nydxdt—/0 <ga)/t>Hg(G),H*1(G)dt

0
= <C(0)7YI>H3(G)7H1(G)+/§2Ct(0))/odx—/£a§ud2,

where ( is the unique solution to (6).



OUTLINE 1. INTRODUCTION 2. THE CLASSICAL TRANSPOSITION METHOD IN PDEs 3. TRANSPOSITION SOLUTION TO BSDEs 4.

e One can show the well-posedness of (5) in the sense of trans-
position. The principle idea of this method is to interpret the
solution to one forward wave equation with non-homogeneous
Dirichlet boundary conditions in terms of another backward
wave equation with non-homogeneous source terms.
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e One can show the well-posedness of (5) in the sense of trans-
position. The principle idea of this method is to interpret the
solution to one forward wave equation with non-homogeneous
Dirichlet boundary conditions in terms of another backward
wave equation with non-homogeneous source terms.

e The transposition method is a variant of duality method. Like
a mirror, it provides a way to see something which is not easy
to be detected directly.
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e One can show the well-posedness of (5) in the sense of trans-
position. The principle idea of this method is to interpret the
solution to one forward wave equation with non-homogeneous
Dirichlet boundary conditions in terms of another backward
wave equation with non-homogeneous source terms.

e The transposition method is a variant of duality method. Like
a mirror, it provides a way to see something which is not easy
to be detected directly.

e We shall use this idea to interpret BSDEs/BSEEs in terms of
SDEs/SEEs.
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3. Transposition solution to BSDEs

o Let (Q,F,F,P) be a complete filtered probability space with
F = {Ft}tepo, 77, on which a one dimensional standard Brown-
ian motion {W(t)}ejo, 7] is defined.
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3. Transposition solution to BSDEs

e Let (Q,F,F,P) be a complete filtered probability space with
F = {Ft}te[o,77, on which a one dimensional standard Brown-
ian motion {W(t)}eqo, 7] is defined.

e Consider the following semilinear BSDE:
{ dy(t) = F(t.y(8), Y(1))dt + Y()dW(t) in [0, ],
y(T) =yr € 5 (4R"),

where f (-, -, -) satisfies the usual Lipschitz condition and f(-,0,0) €
L2(Q; L1(0, T;R™)).
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e Similar to the transposition method for non-homogeneous bound-
ary value problems, for fixed t € [0, T], we start from the fol-
lowing linear (forward) stochastic differential equation

dz(7) = u(7r)dT + v(r)dW(7), 7€ (t, T],

9
z(t) =n. )
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e Similar to the transposition method for non-homogeneous bound-
ary value problems, for fixed t € [0, T], we start from the fol-
lowing linear (forward) stochastic differential equation

dz(t) = u(t)dT + v(7)dW(T1), T , T,
{ (1) = u(r)dr + v(r)dW(r), 7€ (¢, T] ©

z(t) =n.
e It is clear that, for given u(:) € LL(t, T; L2(;R")), v() €

L2(t, T;R") and ) € L%(Q;R”), equation (9) admits a unique
solution z(-) € LA(; C([t, T];R")).
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e Now, if equation (8) admits a classical solution (y(-), Y(+)) €
L2(Q; C([0, T];R")) x L2(0, T;R™), then, applying It&’s for-
mula to (z(t), y(t)), it follows

E(z(T),yr) —En, y(t))

.
= /t (z(7), f(m, y(7), Y(7)))dT

T T
IR /t (w(r), y(r))dr + E /t (W(r), Y(r))dr.
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e This inspires us to introduce the following new notion for the
solution to the equation (8).
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e This inspires us to introduce the following new notion for the
solution to the equation (8).

e Definition 2. We call (y(-), Y(-)) € Dr([0, T]; L>(;R™)) x
L2(0, T;R") a transposition solution to the equation (8) if for
any t € [0, T], u(-) € Li(t, T; L2(;R")), v(-) € L3(t, T;R")
and n € L3 (2, R"), it holds that

E(z(T),y7) — E(n, y(t))

!
_E / (2(7), F(7, (7). Y ()))d7 (10)

T T
-HE/t <u(T),y(T)>dT+E/t (v(1), Y(7))dT.
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e This inspires us to introduce the following new notion for the
solution to the equation (8).

e Definition 2. We call (y(-), Y(-)) € Dr([0, T]; L>(;R™)) x
L2(0, T;R") a transposition solution to the equation (8) if for
any t € [0, T], u(-) € L(t, T; L2(;R")), v(-) € L3(t, T;R")
and ) € L3 (Q;R"), it holds that

E(z(T),yr) —E(n,y(t))

:

_E / (2(7), F(7,y(7), Y ()))d7 (10)
T T

+B [ (r)y(hdr +E [ (v(r). Yo

e Clearly, any transposition solution to the equation (8) coincides
with its classical solution whenever the filtration I is natural one
generated by W(-).
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e The well-posedness of BSDEs in the sense of transposition
method is as follows



OUTLINE 1. INTRODUCTION 2. THE CLASSICAL TRANSPOSITION METHOD IN PDES 3. TRANSPOSITION SOLUTION TO BSDEs 4.

e The well-posedness of BSDEs in the sense of transposition
method is as follows

e Theorem 1. (Q. Li and X. Zhang) For any given yr €
L%T(Q), the equation (8) admits a unique transposition solu-
tion (y(+), Y(*)) € Dr([0, T]; L2(; R™)) x L2(0, T;R"). Fur-
thermore, there is a constant C > 0, depending only on K and
T, such that

(v (), Y pe(o, 1:22(umn)) x 12(0, 77
(11)

< C (0. 0lz @, mimny) + Y71z (@mn) -



3. TRANSPOSITION SOLUTION TO BSDES

e The well-posedness of BSDEs in the sense of transposition
method is as follows

e Theorem 1. (Q. Lii and X. Zhang) For any given y1 €
L%_-T(Q), the equation (8) admits a unique transposition solu-
tion (y(+), Y(*)) € Dr([0, T]; L2(; R™)) x L2(0, T;R"). Fur-
thermore, there is a constant C > 0, depending only on K and
T, such that

(v (), Y pe(o, 1:22(0umn)) x 2(0, 77
(11)

< C (0. 0lz @, mimny) + y7liz_(@mn) -

e Our method does not need the martingale representation the-
orem.



OUTLINE 1. INTRODUCTION 2. THE CLASSICAL TRANSPOSITION METHOD IN PDES 3. TRANSPOSITION SOLUTION TO BSDEs 4.

4. Well-posedness of vector-valued BSEFEs

e Consider the following vector-valued backward stochastic dif-
ferential equation:

(12)

{ dy = —A*ydt + f(t,y, Y)dt + YdW(t) in [0, T),
y(T)=yr.
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4. Well-posedness of vector-valued BSEFEs

e Consider the following vector-valued backward stochastic dif-
ferential equation:

{ dy = —A'ydt + f(t,y, Y)dt + YdW(t) in[0,T),
(12)
y(T)=yr.

e To define the transposition solution to (12), we introduce the
following forward stochastic differential equation:

{ dz = (Az + v1)dt + vodW/(t) in (t, T], 13)

z(t) =n.

Here vi(:) € LL(t, T; L9(; H)), va(+) € L3(t, T; L9(Q; H)),
a

€
n€LE(QH) and + 1 =1
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e Definition 3. We call (y(-), Y(-)) € Dr([0, T]; LP(2; H)) x
L2(0, T; LP(2; H)) a transposition solution to (12) if for any
t €[0, T], vi(:) € Li(¢t, T; LY(Q; H)), va(*) € LE(t, T; LI(Q; H))
and 7 € L% (Q; H), it holds that

)

B(AT)ym) —E [ (2(3).Fls.y(3). YD),
T

=E(n,y(t)), +E : (va(s), y(5)) yds

.
—HE/t (va(s), Y(s)),ds.



OUTLINE 1. INTRODUCTION 2. THE CLASSICAL TRANSPOSITION METHOD IN PDES 3. TRANSPOSITION SOLUTION TO BSDEs 4.

e Theorem 3. (Q. Li and X. Zhang) Let H be a Hilbert space.
Forany yt € L’]’ET(Q; H), and any f(-,-,-) : [0, T]xHxH — H,
the equation (12) admits one and only one unique transposition
solution

(y(-), Y(-)) € De([0, T]; LP(Q; H)) x L (0, T; LP(Q; H)).
Furthermore, there is a constant C such that
() YO pa(ie, (@ H)) < 122, T Lo (2 H))

< CHFC0,0) 1 (e, 7o) + |yT‘Lf’FT(Q;H)} ; (14)
Vtelo, Tl
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5. Well-posedness of operator-valued BSEFEs

o Consider the following operator-valued backward stochastic evo-
lution equation:

dP = —(A* + J*(t))Pdt — P(A+ J(t))dt — K*PKdt
—(K*Q + QK)dt + Fdt + QdW(t) in [0, T),

(15)
Here F € LL(0, T; L3(Q; L(H))), Pr € L%_-T(Q;E(H)), and
J,K € LE(0, T; L>°(Q; L(H))).
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e In order to define the transposition solution to the equation
(15), we introduce the following two stochastic differential equa-
tion:

dx1 = (A+J)xids+ urds+Kx dW(t) + vidW(t) in (t, T],
{Xl(f) =£1,

dxo = (A+J)xods+ urds+ KxadW(t) + vadW(t) in (t, T],
{Xz(t) = &o.

Here &1,& € L% (0 H), ur, up € L3(t, T; L*(Q; H)) and v, vz €
Li(t, T; LY H)).



Definition 4. We call (P(-), Q(-)) € Dr ([0, T]; L2(Q; L(H))) x
LIZF (0, T; L2(Q; L(H))) a transposition solution to (15) if for any
te[OT] §1§2€L4( H), ui(-), ua(-) € L3(t, T; L*(Q; H)) and
vi(+), va(+) € LE(t, T; L*(Q; H)), it holds that

.
E(Prxl(T),xz(T)>H—E/t (F(s)x1(s), x2(s)) ,ds



H.

e Denote by L(H) the set of the Hilbert-Schmidt operators on

«O>r «Fr «=>»

«E)»

DA
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e Denote by L£5(H) the set of the Hilbert-Schmidt operators on
H.

e Theorem 4. (Q. Li and X. Zhang) Assume that H is a sep-
arable Hilbert space and L;T(Q) (1 < p < o0)is a separa-
ble Banach space. Then, for any Pt € LETT(Q;EQ(H)), F e
LE(0, T; L2(2; L2(H))) and J, K € LE(0, T; L°°(Q; L(H))), the
equation (15) admits one and only one transposition solution
(P, Q) with the regularity (P(-), Q()) € Dg([0, T]; L2(2; L2(H))) ¥
L2(0, T; Lo(H)). Furthermore,

(P @) De(l0, Th:2(:L2(HY)) x L2(0, T:L2(H))
(16)
< ClIFlo, T2 @ica(Hy) T VPT\LﬁtT(Q;L:z(H))] :
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e Theorems 4 indicates that, in some sense, the transposition
solution introduced in Definition 4 is a reasonable notion for
the solution to (15).
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e Theorems 4 indicates that, in some sense, the transposition
solution introduced in Definition 4 is a reasonable notion for
the solution to (15).

e Unfortunately, we are unable to prove the existence of transpo-
sition solution to (15) in the general case.
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e Theorems 4 indicates that, in some sense, the transposition
solution introduced in Definition 4 is a reasonable notion for
the solution to (15).

e Unfortunately, we are unable to prove the existence of transpo-
sition solution to (15) in the general case.

e We shall introduced below a weaker version of solution, i.e.,
the relaxed transposition solution (to (15)), which looks awk-
ward but it suffices to establish the desired Pontryagin-type
stochastic maximum principle for optimal control of controlled
stochastic evolution equations.
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e Definition 5. We call (P(‘),Q('), a(')) a relaxed transposi-
tion solution to (15) if for any t € [0, T], &1,& € L% (Q; H),
u(-), ua(-) € L2(t, T; L*(Q H)) and vi(-),va(+) € LE(t, T;
L*(Q; H)), it holds that

-
E(Prxl(T),xz(T)>H—E/ (F(s)x1(s), x2(s)) ,ds
t
-
—B(P(061. &)y +E [ (PO)un(s).a(s)) s

T T
-HE/t<P(s)x1(s),u2(s)>Hds+IE/t<P(5)K(s)x1(s),v2(s)>Hds
T T
-HE/t <P(s)v1(s),Kx2(s)>Hds+E/t <P(s)v1(s),v2(s)>Hds
T -~
—HE/t <v1(s), Q(t)(fg,uz,VQ)(s)>Hds

i
+E/t (QW (&1, un, vi)(s), vals)) , d.
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e It is easy to see that, if (P(-), Q(-)) is a transposition solu-
tion to (15), then one can find a relaxed transposition solution

o~

(P(-), QY), Q(')) to the same equation (from (P(-), Q(-))). In-
deed, they are related by

Q(s)xa(s) = QW (&r, ur, vi)(s),
Q(s) x2(s) = QU (&2, 2, v2)(s).

This means that, we know only the action of Q(s) (or Q(s)*)
on the solution processes x1(s) (or x2(s)).
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e It is easy to see that, if (P(-), Q(-)) is a transposition solu-
tion to (15), then one can find a relaxed transposition solution

~

(P(-), QL) Q(')) to the same equation (from (P(-), Q(:))). In-
deed, they are related by

Qs)a(s) = QW (&, u, v)(s),

Q(s)*x2(s) = a(t)(iz, t, v2)(s)-

This means that, we know only the action of Q(s) (or Q(s)*)
on the solution processes x1(s) (or x2(s)).

e However, it is unclear how to obtain a transposition solution
(P(-), Q()) to (15) by means of its relaxed transposition so-

lution (P(-), QL), (AQ(')). It seems that this is possible but we
cannot do it at this moment.



o Well-posedness result for the equation (15) in the general case.

«O>r «Fr <
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o Well-posedness result for the equation (15) in the general case.

e Theorem 5. (Q. Lii and X. Zhang) Assume that H is a sep-
arable Hilbert space, and L% (Q;C) (1 < p < o0) is a sep-
arable Banach space. Then, for any Pt € L%_-T(Q;E(H)),
F e LL(0, T; L2(Q; L(H))) and J, K € LE(0, T; L°°(Q; L(H))),
the equation (15) admits one and only one relaxed transposition
solution (P(-), @), Q\)). Furthermore,

+ sup (@, QW) .

||P”L(L§(0,T;L4(Q;H)), 12(0,T:L3 (:H))) e0.7]

<C [!HL}F(O,T; ecr) TIPS (@ E(H))} :
(17)
Here

X 2 L(L%(Q H) x L2(t, T L4 H)) x L3(¢, T; L4(; H)),
L2(t, T; L3 (; H)).
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e Solving control problem:
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e Solving control problem:

e Pontryagin maximum principle for controlled stochastic partial
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e Second order necessary optimality condition.

e Application to SPDEs:
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6. Some applications of the transposition solution

e Solving control problem:

e Pontryagin maximum principle for controlled stochastic partial
differential equations.
e Second order necessary optimality condition.

e Application to SPDEs:

o Well-posedness of forward-backward stochastic partial differen-
tial equations.
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6. Some applications of the transposition solution

e Solving control problem:
e Pontryagin maximum principle for controlled stochastic partial
differential equations.
e Second order necessary optimality condition.

e Application to SPDEs:
e Well-posedness of forward-backward stochastic partial differen-
tial equations.
e Study of the long time behavior of solutions to stochastic partial
differential equations.



Thank youl
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